The Ducci map has engaged the mathematics community for over a century and long-standing questions remain open regarding the map's dynamics. This article introduces the Ducci map acting on the vector spaces Z n 2 and R n . Open questions on the transient and cyclic behavior of the map are posed.
In the late 1800s, E. Ducci studied iterations of the mapD : Z n ! Z n ;
D n ðxÞ ¼ jx 1 2 x 2 j; jx 2 2 x 3 j; . . .; jx n 2 x 1 j À Á ð1Þ
where x ¼ ðx 1 ; x 2 ; . . .; x n Þ [7] . It was found that iterates of Eq. (1) converge in finite time to strings of the form kðx 1 ; . . .; x n Þ; where x i 2 Z 2 ; i ¼ 1; . . . n and k is a positive integer [9] , thus the dynamics of forward iterates of the map can be understood on the vector space Z n 2 : Considered over Z n 2 ; the Ducci map becomes linear:
where the addition is modulo 2.
The behavior of D n andD n have been examined for special cases of n; see Refs. [5, 8, 10] . In addition, many interesting results have been developed for arbitrary n; see Refs. [1 -3,6] . We first pose some open problems concerning D n , then for more general maps.
THE NUMBER OF CYCLES
Since D n is considered over a finite set, the iterates of D n must eventually cycle. Most of the work on iterates of Eq. (1) has focused on understanding the maximal cycle for arbitrary values of n, and its length as a function of n.
It has been known that one can produce submaximal cycles for composite n in the following manner. Suppose that n ¼ ds for positive integers d, s . 1, and that y ¼ ð y 1 ; y 2 ; . . .; y d Þ belongs to a cycle of length c d in Z This method of embedding cycle lengths was noted by Breuer [2] . Table I (from [3] ) shows that this is not the only way to obtain submaximal cycles. Notice that n ¼ 17 has a submaximal cycle of length 85 (the maximal cycle length is 255). Since 17 is prime, the submaximal cycle is not produced from a divisor. This fact leads to the following open problems:
Open Problem 1 How and when do submaximal cycles occur when not produced by divisors?
Open Problem 2 How fast do the number of cycles with different lengths grow asymptotically for large n?
Clearly, the embedding by divisors implies the growth is bounded below by the function n 2 fðnÞ where f is the Euler totient function. An answer to Question 1 will likely give one to Question 2.
MAXIMAL CYCLE LENGTHS AS A FUNCTION OF n
It is desirable to obtain the maximal cycle length c as a function of n. Ehrlich obtained divisibility conditions in Ref. [6] which provide some direction to this goal. Let n be odd The underlined term in the weighting may be moved; it simply indicates the location of the weight's components applied to each term in the string. The weighting ð1; 21Þ is bounded because any string's largest term (in magnitude) will not increase in size. Another example of a bounded weighting is ð1; 0; 0; 21Þ: The dynamics of integer strings under bounded weightings with integer weights must eventually cycle.
Many questions surrounding general weightings are wide open:
Open Problem 5 What are the dynamics of bounded integer weightings besides (1, 2 1)?
Open Problem 6 Are there unbounded weightings with a sum of zero which have only the zero-string as a cycle?
Open Problem 7 What are the dynamics of weightings with rational terms? real terms?
Open Problem 8 What are the dynamics of weightings with infinitely many terms?
